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Abstrat
Using the reently introdued boundary form fator bootstrap equations, the form
fators of boundary exponential operators in the sinh-Gordon model are onstruted.
The ultraviolet saling dimension and the normalization of these operators are heked
against previously known results. The onstrution presented in this paper an be
applied to determine form fators of relevant primary boundary operators in general
integrable boundary quantum eld theories.
1 Introdution
The investigation of integrable boundary quantum eld theories started with the seminal
work of Ghoshal and Zamolodhikov [1℄, who set up the boundary R-matrix bootstrap,
whih makes possible the determination of the reetion matries and provides omplete
desription of the theory on the mass shell.
For the alulation of orrelation funtions, matrix elements of loal operators between
asymptoti states have to be omputed. In a boundary quantum eld theory there are
two types of operators, the bulk and the boundary operators, where their names indiate
their loalization point. The boundary bootstrap program, namely the boundary form
fator program for alulating the matrix elements of loal boundary operators between
asymptoti states was initiated in [2℄. The validity of form fator solutions was heked in
the ase of the boundary saling Lee-Yang model alulating the two-point funtion using
∗
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a spetral sum and omparing it to the predition of onformal perturbation theory. In [3℄
the spetrum of independent form fator solutions was ompared to the boundary operator
ontent of the ultraviolet boundary onformal eld theory and a omplete agreement was
found. Further solutions of the boundary form fator axioms were onstruted and their
struture was analyzed for the sinh-Gordon theory at the self-dual point in [4℄, and for
the A2 ane Toda eld theory in [5℄. In the reent paper [6℄ the validity of the form
fator solution onjetured for the unique nontrivial boundary primary eld in saling Lee-
Yang model was tested against trunated onformal spae and a spetaular agreement
was found.
It is lear from the disussion in [3℄ that the most interesting open problem of the
boundary form fator bootstrap is the identiation of the operator orresponding to a
given solution. For example, in sinh-Gordon theory there are innitely many form fator
solutions with minimal growth at large rapidities, whih an be attributed to the presene
of exponential boundary elds. The task undertaken in this paper is to map the spae
of suh minimal solutions, and make their orrespondene with exponential elds more
preise. It is shown that spei solutions an be seleted inside this innite family, suh
that their saling dimension agrees with the predition of onformal eld theory, while
their normalization mathes the available results on the vauum expetation value of ex-
ponential operators. The onstrution of these solutions an be generalized to determine
form fators of relevant boundary primary elds in any model where the form fators of
relevant operators in the bulk theory are known.
The outline of the paper is the following. In setion 2 the neessary information about
boundary sinh-Gordon theory is presented. Setion 3 desribes the onstrution of the
form fators solutions whih are onjetured to orrespond to boundary exponential elds.
In setion 4 their ultraviolet dimension and normalization is evaluated as a series expansion
in the bulk parameter of sinh-Gordon theory, and is shown to be onsistent with known
results. Setion 5 is reserved for the onlusions.
2 Boundary sinh-Gordon theory
The sinh-Gordon theory in the bulk is dened by the Lagrangian density
L = 1
2
(∂µΦ)
2 − m
2
b2
(cosh bΦ − 1)
It an be onsidered as the analyti ontinuation of the sine-Gordon model for imaginary
oupling β = ib. The S-matrix of the model is
S(θ) = −
(
1 +
B
2
)
θ
(
−B
2
)
θ
=
[
−B
2
]
θ
; B =
2b2
8π + b2
where
(x)θ =
sinh 1
2
(θ + iπx)
sinh 1
2
(θ − iπx) , [x]θ = −(x)θ(1− x)θ =
sinh θ + i sin πx
sinh θ − i sin πx
2
The minimal bulk two-partile form fator belonging to this S-matrix is [7℄
f(θ) = N exp
[
8
∫ ∞
0
dx
x
sin2
(
x(iπ − θ)
2π
)
sinh xB
4
sinh(1− B
2
)x
2
sinh x
2
sinh2 x
]
(2.1)
where
N = exp
[
−4
∫ ∞
0
dx
x
sinh xB
4
sinh(1− B
2
)x
2
sinh x
2
sinh2 x
]
(2.2)
It satises f(θ, B)→ 1 as θ →∞, and approahes its asymptoti value exponentially fast.
Sinh-Gordon theory an be restrited to the negative half-line with the following ation
A =
∫ ∞
−∞
dt
∫ 0
−∞
dx
[
1
2
(∂µΦ)
2 − m
2
b2
(cosh bΦ− 1)
]
(2.3)
+
∫ ∞
−∞
dtM0
(
cosh
(
b
2
(Φ(0, t)− Φ0)
)
− 1
)
whih maintains integrability [1℄. The orresponding reetion fator depends on two
ontinuous parameters and an be written as [8℄
R(θ) =
(
1
2
)
θ
(
1
2
+
B
4
)
θ
(
1− B
4
)
θ
[
E − 1
2
]
θ
[
F − 1
2
]
θ
(2.4)
It an be obtained as the analyti ontinuation of the rst breather reetion fator in
boundary sine-Gordon model whih was alulated by Ghoshal in [9℄. The relation of the
bootstrap parameters E and F to the parameters of the Lagrangian is known both from
a semi-lassial alulation [8, 10℄ and also in an exat form in the perturbed boundary
onformal eld theory framework [11℄.
3 Boundary form fators in sinh-Gordon theory
3.1 The boundary form fator axioms
The axioms satised by the form fators of a loal boundary operator were derived in [2℄
and are listed here without muh further explanation. Let us assume that the spetrum
ontains a single salar partile of mass m, whih has a two-partile S matrix S(θ) (using
the standard rapidity parametrization) and a one-partile reetion fator R(θ) o the
boundary, satisfying the boundary reetion fator bootstrap onditions of Ghoshal and
Zamolodhikov [1℄. For a loal operator O(t) loalized at the boundary (loated at x = 0,
and parametrized by the time oordinate t) the form fators are dened as
out〈θ′1, θ
′
2, . . . , θ
′
m|O(t)|θ1, θ2, . . . , θn〉in =
FOmn(θ
′
1, θ
′
2, . . . , θ
′
m; θ1, θ2, . . . , θn)e
−imt(P cosh θi−
P
cosh θ
′
j)
3
for θ1 > θ2 > . . . > θn > 0 and θ
′
1 < θ
′
2 < . . . < θ
′
m < 0, using the asymptoti in/out
state formalism introdued in [12℄. They an be extended analytially to other values of
rapidities. With the help of the rossing relations derived in [2℄ all form fators an be
expressed in terms of the elementary form fators
out〈0|O(0)|θ1, θ2, . . . , θn〉in = FOn (θ1, θ2, . . . , θn)
whih an be shown to satisfy the following axioms:
I. Permutation:
FOn (θ1, . . . , θi, θi+1, . . . , θn) = S(θi − θi+1)FOn (θ1, . . . , θi+1, θi, . . . , θn)
II. Reetion:
FOn (θ1, . . . , θn−1, θn) = R(θn)F
O
n (θ1, . . . , θn−1,−θn)
III. Crossing reetion:
FOn (θ1, θ2, . . . , θn) = R(iπ − θ1)FOn (2iπ − θ1, θ2, . . . , θn)
IV. Kinematial singularity
−iRes
θ=θ′
FOn+2(θ + iπ, θ
′
, θ1, . . . , θn) =
(
1−
n∏
i=1
S(θ − θi)S(θ + θi)
)
FOn (θ1, . . . , θn)
V. Boundary kinematial singularity
−iRes
θ=0
FOn+1(θ +
iπ
2
, θ1, . . . , θn) =
g
2
(
1−
n∏
i=1
S(
iπ
2
− θi)
)
FOn (θ1, . . . , θn)
where g is the one-partile oupling to the boundary
R(θ) ∼ ig
2
2θ − iπ , θ ∼ i
π
2
(3.1)
There are also axioms for singularities orresponding to bound states (bulk and bound-
ary), but they are not needed in the sequel.
The general solution of the above axioms an be written as [2℄
Fn(θ1, θ2, . . . , θn) = Hn
Qn(y1, y2 . . . , yn)∏
i yi
∏
i<j
(yi + yj)
n∏
i=1
r(θi)
∏
i<j
f(θi − θj)f(θi + θj) (3.2)
where the Qn are symmetri polynomials of its variables, and the minimal one-partile
form fator is given by
r(θ) =
i sinh θ
(sinh θ − i sin γ)(sinh θ − i sin γ′)u(θ, B) , γ =
π
2
(E − 1) γ′ = π
2
(F − 1) (3.3)
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with asymptotis r(θ) ∼ 1 when θ →∞, where1
u(θ) = exp
{∫ ∞
0
dt
t
[
1
sinh t
2
− 2 cosh t
2
cos
[(
iπ
2
− θ
)
t
π
]]
×
sinh xB
4
+ sinh
(
1− B
2
)
x
2
+ sinh x
2
sinh2 t
}
and
Hn =
(
4 sin πB/2
f(iπ)
)n/2
(3.4)
is a onvenient normalization fator. Using the results of [2, 3℄ it is easy to derive the
reursion relations satised by the polynomials Qn:
K : Q2(−y, y) = 0
Qn+2(−y, y, y1, . . . , yn) =
(y2 − 4 cos2 γ)(y2 − 4 cos2 γ′)Pn(y|y1, . . . , yn)Qn(y1, . . . , yn) for n > 0
B : Q1(0) = 0
Qn+1(0, y1, . . . , yn) =
4 cos γ cos γ′Bn(y1, . . . , yn)Qn(y1, . . . , yn) for n > 0 (3.5)
where
Bn(y1, . . . , yn) =
1
4 sin piB
2
(
n∏
i=1
(
yi − 2 sin πB
2
)
−
n∏
i=1
(
yi + 2 sin
πB
2
))
(3.6)
and
Pn(y|y1, . . . yn) = 1
2(y+ − y−)
[
n∏
i=1
(yi − y−)(yi + y+)−
n∏
i=1
(yi + y−)(yi − y+)
]
(3.7)
with the notations
y+ = ωz + ω
−1z−1 (3.8)
y− = ω
−1z + ωz−1 , ω = eipi
B
2
with the auxiliary variable z dened as a solution of y = z + z−1 (i.e. writing y = 2 cosh θ
one has z = eθ).
The two-point funtions an be omputed from a spetral representation:
ρAB(mt) = 〈0|A(t)B(0)|0〉 (3.9)
=
∞∑
n=0
1
(2π)n
∫
θ1>...>θn>0
dθ1 . . . dθn fn (θ1, . . . , θn) exp
(
−imt
n∑
i=1
cosh θi
)
1
Notie that the normalization used here diers from that in the earlier papers [2, 3℄.
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where time translation invariane was used and
fn (θ1, . . . , θn) = F
A
n (θ1, . . . , θn)
†F Bn (θ1, . . . , θn)
The fn are symmetri (and also even) in all their variables, therefore the spetral expansion
(3.9) an be written in the following form for the Eulidean two-point funtion
ρAB(mτ) =
∞∑
n=0
1
n!
1
(2π)n
∫ ∞
0
dθ1
∫ ∞
0
dθ2 . . .
∫ ∞
0
dθne
−mτ Pi cosh θifn (θ1, . . . , θn)
The operators of interest an be lassied aording to their saling dimensions, whih
means that the two-point funtion must have a power-like short-distane singularity
ρAB(mτ) =
1
τ 2∆AB
+ . . . (3.10)
where ∆AB is an exponent determined by the ultraviolet saling weights of the loal elds.
3.2 The family of minimal solutions and the umulant expansion
In the earlier paper [3℄ it was shown that there exist an innite family of solutions for
whih the polynomials Qn have the minimum possible degree
degQn =
n(n+ 1)
2
These an be thought to orrespond to the exponential operators
eαΦ(t,x=0)
of whih only a ountably innite number is independent sine they an all be expanded
in terms of powers of the eld:
eαΦ(t,0) =
∞∑
k=1
αk
k !
Φk(t, 0)
For any minimal solution the orresponding form fator has a nite limit when all rapidities
are taken to innity simultaneously
Fn(θ1 + λ, θ2 + λ, . . . , θn + λ) → F˜n(θ1, θ2, . . . , θn) +O(e−λ) (3.11)
whih means that every multi-partile ontribution in the spetral expansion (3.9) individ-
ually behaves as
τ−2δ
with the naive saling dimension δ equal to 0 [2, 3℄.
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However, the true saling dimension in general turns out to be dierent from 0 due to
logarithmi orretions in the individual multi-partile ontributions, whih may sum up
to give an anomalous dimension. It an be omputed using the umulant expansion of the
logarithm of the two-point funtion [13℄ (for a very nie disussion see also [14℄). Consider
the onformal operator produt expansion
A(τ)B(0) ∼
∑
hi
C iAB
τhA+hB−hi
Oi(0)
where hA and hB are the ultraviolet weights of the elds A and B, while the hi are the
weight of the Oi. It is obvious that
2∆AB = hA + hB − hmin
where hmin is the minimum of the weights hi of the operators Oi appearing in the expan-
sion. Let us suppose that the limiting funtion (3.11) satises an asymptoti fatorization
property of the form
F˜n(θ1, . . . , θk, θk+1 + λ, . . . , θn + λ) = F˜k(θ1, . . . , θk)F˜n−k(θk+1, . . . , θn) +O(e
−λ) (3.12)
both for the form fators of A and B. The leading n = 0 term in the spetral expansions
is a onstant given by the vauum expetation value of the eld, whih is assumed to be
1. In the ase of bulk form fators (3.12) with the partiular normalization given above
entails that the operator has a unit vauum expetation value [15℄. For boundary form
fators this an be arried over as a reasonable assumption whih was used previously to
normalize the minimal form fator of the boundary Lee-Yang model in [2℄. This assumption
is reasonable from the onsisteny of the arguments in this paper and is also heked
expliitly in subsetion 4.2.
Under the above assumptions, the logarithm of the orrelation funtion an be written
as
log ρAB(mτ) =
∞∑
n=1
1
n!
1
(2π)n
∫ ∞
0
dθ1
∫ ∞
0
dθ2 . . .
∫ ∞
0
dθne
−mτ Pi cosh θicn (θ1, . . . , θn) (3.13)
where the cn are the umulants of the funtions fn dened reursively by
f1(θ1) = c1(θ1) , f2(θ1, θ2) = c2(θ1, θ2) + c1(θ1)c1(θ2)
f3(θ1, θ2, θ3) = c3(θ1, θ2, θ3) + c1(θ1)c2(θ2, θ3) + c1(θ2)c2(θ1, θ3) + c1(θ3)c2(θ1, θ2)
+c1(θ1)c1(θ2)c1(θ3)
. . .
Dening
c˜n(θ1, . . . , θn) = lim
λ→∞
cn(θ1 + λ, . . . , θn + λ) (3.14)
7
it is easy to see that the funtions c˜n depend only on the dierenes of the rapidities. From
(3.12) it is easy to obtain the following property of the asymptoti umulants
c˜n(θ1, . . . , θk, θk+1 + λ, . . . , θn + λ) ∼ O(e−λ) k = 1, . . . , n− 1 (3.15)
and also note that
cn(θ1 + λ, . . . , θn + λ) = c˜n(θ1, . . . , θn) +O(e
−λ) (3.16)
It an then be shown that
2∆AB =
∞∑
n=1
1
n!
1
(2π)n
∫ ∞
−∞
dθ2 . . .
∫ ∞
−∞
dθnc˜n (0, θ2, . . . , θn) (3.17)
The derivation of this result is a bit more involved than in the bulk ase where the transla-
tional invariane of the form fator in rapidity spae an be used. Let us examine the n = 1
ontribution in more detail. The formulae enountered will also be useful in subsetion
4.2. Consider the integral ∫ ∞
0
dθ
2π
c1(θ)e
−mτ cosh θ
Due to (3.16), c1(θ) approahes its limiting value exponentially fast
c1(θ) = c˜1 +O(e
−αθ)
The exponential fator has the property
e−mτ cosh θ ∼ 1 θ≪ log 2
mτ
and therefore in the limit of small τ∫ ∞
0
dθ
2π
c1(θ)e
−mτ cosh θ ∼
∫ ∞
0
dθ
2π
(c1(θ)− c˜1) +
∫ ∞
0
dθ
2π
c˜1e
−mτ cosh θ
(3.18)
whih an be evaluated as
onstant +
c˜1
2π
K0(mτ)
Using the asymptotis
K0(mτ) ∼ − logmτ + log 2− γE (3.19)
(where γE = 0.577215 . . . is Euler's onstant) the short-distane exponent is given in this
approximation as
2∆AB =
c˜1
2π
+ . . . (3.20)
Turning to n > 1, the expansion (3.13) an be rewritten as
log ρAB(mτ) =
∞∑
n=1
1
n!
1
(2π)n
1
2n
∫ ∞
−∞
dθ1
∫ ∞
−∞
dθ2 . . .
∫ ∞
−∞
dθne
−mτ Pi cosh θicn (θ1, . . . , θn)
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using that the funtions fn and onsequently also cn are even in all their arguments. For
mτ ≪ 1, the support of the integrand is onentrated inside the hyperube
|θi| . log(2/mτ)
and in the interior (exept for a transient shell-like region whose thikness is O(1) inde-
pendent of τ)
e−mτ
P
i cosh θi ∼ 1
Using the properties (3.15) and (3.16) cn an be replaed by c˜n up to O(1) terms. One an
now repeat the same proedure in the θ1 integral as for n = 1, following the line of the
derivation used in the bulk ase [14℄. However, some additional are must be taken sine
the funtions cn are even, and therefore there are 2
n−1
independent asymptoti diretions
in whih the integrand is non-vanishing:
cn (θ1 + λ, θ2 + σ2λ, . . . , θn + σnλ)→ c˜n (θ1, σ2θ2, . . . , σnθn)
depending on the hoies of the signs σi = ±1 (the sign of θ1 is xed as only the relative
signs matter). After a redenition of integration variables θi → σiθi this results in 2n−1
idential ontribution whih anel out n− 1 fators of 1/2. The remaining fator 1/2 an
be used to map bak the θ1 integration to the half-line where (3.19) an be used.
In the bulk the fator 1/2n are absent, and translational invariane of the form fator of
a spinless operator implies that cn ≡ c˜n. Due to (3.15) only the asymptoti region with all
signs positive ontributes, so there is no fator 2n−1 either. Therefore the bulk singularity
exponent is twie the one in the boundary ase (provided that the asymptoti umulants
are taken to be idential). However, if the singularity of the bulk two-point funtion is
taken to be of the form
1
τ 4∆AB
then this fator anels out in the nal formula for∆AB and so the bulk umulant expansion
is idential to (3.17). The additional fator of 2 in the exponent is natural sine in the
bulk the onformal weight reeives two idential ontributions from the left and the right
movers.
3.3 The limiting ase: bulk form fator solutions in the sinh-
Gordon model
Now the task is to resolve the ambiguity in the minimal solution. From [3℄ it is known to
originate from the kernel of the reursion relations, whih is a homogeneous polynomial of
order n(n+ 1)/2 at n-partile level. Let us introdue
Q˜n(y1, . . . , yn) = lim
Λ→∞
Λ−n(n+1)/2Qn(Λy1, . . . ,Λyn)
whih gives the terms in Qn whih are exatly of degree n(n + 1)/2 (all other terms have
lower degree).
9
Taking now a solution of the form (3.2), the limiting proedure (3.11) gives
F˜n(θ1, θ2, . . . , θn) = lim
λ→∞
Fn(θ1 + λ, θ2 + λ, . . . , θn + λ)
= Hn
Q˜n(x1, x2 . . . , xn)∏
i xi
∏
i<j
(xi + xj)
∏
i<j
f(θi − θj)
where xi = e
θi
. It was observed in [3℄ that as a onsequene of the boundary form fator
axioms listed in subsetion 3.1, F˜ is always a solution of the bulk form fator axioms
built upon the same bulk S matrix. For the bulk sinh-Gordon theory, a omplete set of
minimal solutions was found by Koubek and Mussardo in [16℄. Let us dene the elementary
symmetri polynomials by
n∏
i=1
(x+ xi) =
n∑
l=1
xn−lσ(n)l (x1, . . . , xn)
σ
(n)
l ≡ 0 if l < 0 or l > n
The upper index will be omitted in the sequel, as the number of variables will always be
lear from the ontext. Let us also denote
[n] =
ωn − ω−n
ω − ω−1 =
sin npiB
2
sin piB
2
Koubek and Mussardo state that the following family of form fator solutions parametrized
by the real number k
F˜ (k)n (θ1, θ2, . . . , θn) = Hn
P
(k)
n (x1, x2 . . . , xn)∏
i<j
(xi + xj)
∏
i<j
f(θi − θj)
where the polynomials P
(k)
n are given by
P
(k)
1 = [k]
P (k)n = [k] detM
(n)(k) n > 1
M
(n)
ij (k) = [i− j + k]σ2i−j(x1, x2 . . . , xn) i, j = 1, . . . , n− 1
orrespond to the bulk exponential operators
ekgΦ
normalized so that their vauum expetation value is unity:〈
ekgΦ
〉
= 1
10
They support the identiation as follows. The above solutions satisfy the asymptoti
fatorization property (3.12), derived in [15℄ for form fators of relevant primary elds.
In addition, their onformal weights to lowest order in g2 (omputed from the two-point
funtion) are given by
∆k = ∆¯k = −k
2g2
8π
whih equal the onformal weights of the exponential operator ekgΦ omputed in the free
boson onformal eld theory. In setion 4 of the present paper more supporting evidene
is provided for this identiation.
3.4 Resolution of the ambiguity and expliit form fator solutions
Based on the preeding onsiderations the ambiguity in the boundary form fator solution
an be xed by requiring that
Q˜n = P
(k)
n σn (3.21)
i.e.
Qn(y1, . . . , yn) = P
(k)
n (y1, . . . , yn)σn(y1, . . . , yn)
+ terms of degree stritly less than n(n+ 1)/2
For suh a form fator the limiting proedure (3.11) gives F˜
(k)
n . Therefore the limiting
two-point funtion umulants dened in (3.14) will be the same as for the bulk operator
ekgΦ. By omparing the umulant expansion (3.17) to its bulk ounterpart, this means that
the boundary operator orresponding to this solution has the onformal weight
hk = −k
2g2
8π
(at least to lowest order in g2).
The boundary exponential eld eαΦ(t,0) has onformal weight
−α
2
2π
whih leads to the onjeture that the boundary form fators satisfying (3.21) orrespond
to the operators
e
kg
2
Φ
The fator of one-half in the exponent is onsistent with the form of the boundary per-
turbation in the ation (2.3), where a bulk perturbation whih is a ombination of e±gΦ is
aompanied by a boundary perturbation whih is a ombination of e±gΦ/2.
The reurrene relations (3.5) an be solved as follows. The one-partile form fator is
uniquely given by
Q
(k)
1 (y1) = P
(k)
1 σ1(y1) = [k]y1
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The boundary kinematial reursion oeient (3.6) an be expressed in terms of the
elementary symmetri polynomials σl in the form
Bn(y1, . . . , yn) = −
[n−12 ]∑
l=0
(
2 cos
πB
2
)2l
σn−1−2l
Supposing that the solution up to n−1 partile level is known, one an write the following
Ansatz for the n-partile form fator
Q(k)n = ǫ1ǫ2Bn−1Q
(k)
n−1 + σnP
(k)
n + σnA
(k)
n (3.22)
where A
(k)
n is a general linear ombination of produts of σl with total degree stritly less
than n(n− 1)/2, and the rst term is understood with the replaement
σ
(n−1)
l → σ(n)l
and the notation
ǫ1 = 2 cos γ , ǫ2 = 2 cos γ
′
was introdued. The Ansatz (3.22) automatially solves the boundary kinematial reur-
sion B in (3.5) and therefore the oeients of A(k)n an be determined from the bulk
kinematial reursion K. Sine the kernel of the reursion is already xed by (3.22), the
solution is unique. It is given by
A
(k)
2 = 0
A
(k)
3 = [k](ǫ
2
1 + ǫ
2
2 − [k]ǫ1ǫ2)σ1
A
(k)
4 = 4 sin
2 πB
2
[k]σ1σ3 + [k]
2(ǫ21 + ǫ
2
2 − [k]ǫ1ǫ2)σ21
(
σ2 + 4 sin
2 πB
2
)
up to 4-partile level, and it an easily be extended to higher levels using any symboli
algebra software.
4 Evaluating the umulant expansion
To provide evidene that the solution indeed orresponds to the exponential operators as
stated, let us study the short-distane behaviour of the two-point orrelators arising from
it. It was already mentioned that Koubek and Mussardo alulated the ultraviolet saling
dimension to order g2 by studying the short-distane limit of the two-point funtion [16℄;
Babujian and Karowski evaluated it from the umulant expansion up to two-partile level
[14℄. Here the most singular term in the short-distane operator produt of any two of the
operators in the family of minimal solutions is expanded in powers of g2 to order g6. In
addition, the normalization of these operators is also evaluated to order g2.
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The onformal operator produt algebra gives the leading term in the short-distane
limit of the two-point funtion as
〈0|ek g2Φ(τ)el g2Φ(0)|0〉 ∼ 1
τ 2∆kl
〈0|e(k+l) g2Φ(0)|0〉+ . . .
with
2∆kl = −k
2g2
8π
− l
2g2
8π
+
(k + l)2g2
8π
=
klg2
4π
(4.1)
where the standard onformal normalization for the exponential operators was assumed.
Reall that the operator thought to orrespond to the form fator solution in the previous
setion is normalized to have unit vauum expetation value, i.e. it takes the form
Vk(τ) =
1
〈0|ek g2Φ(τ)|0〉e
k g
2
Φ(τ)
so the short-distane expansion an be written as
〈0|VkVl|0〉 ∼ C
k+l
kl
(mτ)2∆kl
〈0|Vk+l|0〉+ . . .
where the struture onstant Ck+lkl is given by the ratio of the appropriate vauum expe-
tation values.
The umulant expansion an be used to evaluate both ∆kl and C
k+l
kl [14℄. The rst one
an be expressed in terms the asymptoti umulants c˜k, and as a result the alulation is
valid both for the boundary and the bulk ase, sine the asymptoti umulants c˜k are the
same. This is due to the way the ambiguity in the boundary solution was xed using the
bulk solution (see eqn. (3.21)).
On the other hand, the evaluation of Ck+lkl involves the full umulants ck. In the bulk
theory these are idential to c˜k, but for the boundary theory they dier from them. This
is onsistent with the fat that the c˜k are independent of the boundary parameters, while
the vauum expetation values of boundary elds depend on them in a very nontrivial
way; therefore the appearane the full umulant ck is reassuring. Below it is demonstrated
that to order g2 the result from the umulant expansion agrees with the exat vauum
expetation values onjetured for the bulk theory in [17℄ and for the boundary ase in
[18℄.
4.1 Evaluation of ∆kl
Using the umulant expansion (3.17), ∆kl an be evaluated in a systemati expansion in
powers of g2. The c˜n an be obtained as umulants of the asymptoti spetral funtions
f˜kln (θ1, . . . , θn) = lim
λ→∞
fkln (θ1 + λ, . . . , θn + λ)
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whih take the expliit form
f˜kln (θ1, . . . , θn) = H
2
nP
(k)
n (x1, x2 . . . , xn)P
(l)
n (x1, x2 . . . , xn)
∏
i<j
|f(θi − θj)|2
(xi + xj)2
, xi = e
θi
From (2.1) it is obvious that f(θ) = 1+O(g2) for any xed θ 6= 0, and the leading term of
the polynomials P
(k)
n is given by
P (k)n = k detm
(n)(k) +O(g2)
where m
(n)
ij (k) = (i− j + k)σ2i−j(x1, x2 . . . , xn) i, j = 1, . . . , n− 1
while
Hn =
(
4 sin πB/2
f(iπ)
)n/2
∼
(
g2
2
)n/2
+O(gn+1)
As a result
f˜kln ∼ g2n ⇒ c˜kln ∼ g2n
so an expansion up to order g2n only requires olleting the appropriate terms from umu-
lants with up to n partiles. The rst umulant an be easily expanded as
c˜1 = H
2
1 [k]
2 ∼ g
2
2
kl + g6
(
kl
3072
− kl
256π
− k
3l + kl3
768
)
+O(g10) (4.2)
and using (3.20) gives
2∆kl ∼ g
2
4π
kl +O(g6)
Therefore to reover the intended result it must be shown that all higher order ontributions
anel, whih is demonstrated below up to order g6.
At order g4 the seond asymptoti umulant is needed. It takes the form
c˜2(θ1, θ2) =
1
4
g4k2l2
(∣∣f(θ1 − θ2)2∣∣− 1)
At rst this seems to be of order O(g6), but some are must be taken. Although it is true
that f(θ) = 1 + O(g2) for any xed θ 6= 0, it also holds that f(0) = 0. Therefore the
expansion of f(θ) in powers of g2 does not onverge uniformly in the viinity of the origin,
and the series expansion annot be exhanged with the integration. However, the required
integral an be evaluated exatly [14℄; it has the following small oupling expansion
2
∫ ∞
0
dθ
(∣∣f(θ)2∣∣− 1) = −π2
24
B2 +O(B3) = O(g4)
and therefore the two-partile ontribution is atually of order O(g8).
2
In the formula derived in [14℄ there seems to be an overall sign mistake, whih is orreted here.
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The third umulant an be written as
c˜3(θ1, θ2, θ3) =
g6
8
(k3l + kl3)
σ3
σ3 − σ1σ2 +
g6
8
kl
(
σ3
σ3 − σ1σ2
)2
+O(g8)
where the σk are elementary symmetri polynomials of the variables xi = e
θi
. The integral
an be evaluated as
1
6
∫ ∞
−∞
dθ1
2π
∫ ∞
−∞
dθ2
2π
c˜3(θ1, θ2, θ3) = g
6
(
k3l + kl3
768
+
kl
256π
− kl
3072
)
whih indeed anels with the g6 term in (4.2).
4.2 Evaluation of Ck+lkl
Ck+lkl is the onstant ontribution to the logarithm of the two-point funtion in the short-
distane limit. It an be expressed as
Ck+lkl =
G(k + l, g)
G(k, g)G(l, g)
where G(k, g) denotes the exat vauum expetation value omputed in [17℄:
G(k, g) = m2a2 〈eaϕ〉 =

Γ
[
1
2+2b2
]
Γ
[
1 + b
2
2+2b2
]
4
√
π


−2a2
×
exp
{∫ ∞
0
dt
t
[
− sinh
2(2abt)
2 sinh2(bt) sinh(t) cosh((1 + b2)t)
+ 2a2e−2t
]}
and the parameters an be expressed in our notations as
b =
g√
8π
, a =
kg√
8π
For small g it an be written as
G(k, g) ∼ exp
(
−k
2g2
4π
(− log 2 + γE)
)
and so
Ck+lkl ∼ exp
(
−kl g
2
2π
(− log 2 + γE)
)
(4.3)
On the other hand, it an easily be evaluated from the umulant expansion in the one-
partile approximation. For the bulk theory, the rst term in (3.18) vanishes exatly and
so
3
logCk+lkl = 2
c˜1
2π
(log 2− γE) + . . . = kl g
2
2π
(log 2− γE) +O(g4)
3
A fator of two was inserted to ompensate for the dierene between the bulk and boundary rapidity
integrals.
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whih agrees perfetly with (4.3).
Turning now to the boundary ase, the exat vauum expetation values of boundary
elds in sine-Gordon theory were onjetured in [18℄. With the following ation
AbsG =
∫
d2x
[
1
4π
(∂tφ)
2 − 1
4π
(∂xφ)
2 − 2µ cos 2βφ
]
− 2µB
∫
dt cosβ(φ(t, 0)− φ0) (4.4)
the boundary one-point funtions an be written in the following form:
〈
eiaφ(t,0)
〉
=
(
πµ
Γ(β2)
) a2
2(1−β2)
g0(a, β)gS(a, β)gA(a, β) (4.5)
where
4
g0(a, β) = exp


∫ ∞
0
dt
t

2 sinh2(aβt)
(
e(1−β
2)t/2 cosh(t/2) cosh(β2t/2)− 1
)
sinh(β2t) sinh(t) sinh((1− β2)t) − a
2e−t




gS(a, β) = exp
{∫ ∞
0
dt
t
sinh2(aβt) (2− cos(2zt)− cos(2z¯t))
2 sinh(β2t) sinh(t) sinh((1− β2)t)
}
gA(a, β) = exp
{∫ ∞
0
dt
t
sinh(2aβt) (cos(2zt)− cos(2z¯t))
sinh(β2t) sinh(t) cosh((1− β2)t)
}
and
5
cosh2 πz = e−2iβφ0
µ2B sin πβ
2
µ
, cosh2 πz¯ = e2iβφ0
µ2B sin πβ
2
µ
(4.6)
provided the operators are normalized as
e2iaφ(x)e−2iaφ(x) ∼ 1
|x− y|4a2
+ . . .
eiaφ(t,0)e−iaφ(t
′,0) ∼ 1
|t− t′|2a2
+ . . .
The oupling µ an be related to the mass m of the lightest breather as follows [19℄:
µ =
Γ(β2)
πΓ(1− β2)

 m
2 sin piβ
2
2(1−β2)
√
πΓ
(
1
2(1−β2)
)
2Γ
(
β2
2(1−β2)
)


2−2β2
4
The integral in the exponent of gS ontains an additional fator of 1/2 ompared to the formula in
[18℄. The need for suh a fator was already noted in [20℄, and it was also onrmed in a private disussion
with Al.B. Zamolodhikov.
5
In sine-Gordon theory, z¯ is the omplex onjugate of z, but this does not remain true under analyti
ontinuation to sinh-Gordon theory.
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Eqn. (4.5) an be expanded for small β as
GB(κ, β) = m−2κ2β2
〈
eiκβφ(t,0)
〉 ∼ N (κ, β)g¯0(κ, β)g¯S(κ, β)g¯A(κ, β)
with
N (κ, β) = 1− 2κ2β2 log 2 +O(β4)
g¯0(κ, β) = 1 + κ
2β2(1 + γE + log 2) +O(β
4)
g¯S(κ, β) = 1 + κ
2β2
(
1
2
πz coth πz +
1
2
πz¯ coth πz¯ − 1
)
+O(β4)
g¯A(κ, β) = 1 + κ
∫ ∞
0
dt
t
(cos(2zt)− cos(2z¯t))
(
4
sinh[2t]
+
2t
cosh[t]2
β2
)
+O(β4)
Due to linearity of g¯A in κ its ontribution drops from C
k+l
kl , so it is not neessary to
evaluate it expliitly. The sinh-Gordon expetation values an be obtained by taking the
analyti ontinuation β → ig/√8π, under whih the operator
ek
g
2
Φ(τ)
orresponds to putting κ = k. Colleting all the terms the nal expression is
logCk+lkl = log
GB(k + l, β)
GB(k, β)GB(l, β)
∣∣∣∣
β→ig/√8pi
= −klg
2
4π
(− log 2 + γE + 1
2
πz coth πz +
1
2
πz¯ coth πz¯) +O(g4) (4.7)
On the other hand, from the umulant expansion
logCk+lkl =
c˜1
2π
(log 2− γE) +
∫ ∞
0
dθ
2π
(c1(θ)− c˜1)
From (3.3) it is easy to obtain that
r(θ) =
i sinh θ(1− i sinh θ)
(sinh θ − i sin γ)(sinh θ − i sin γ′) +O(g
2)
and so∫ ∞
0
dθ
2π
(c1(θ)− c˜1) = klg
2
4π
∫ ∞
0
dθ
{
sinh2 θ(1 + sinh2 θ)
(sinh2 θ + sin2 γ)(sinh2 θ + sin2 γ′)
− 1
}
The integral an be evaluated using∫ ∞
0
dθ
sinh2 θ + sin2 γ
=
π − 2|γ|
| sin 2γ| for −
π
2
< γ <
π
2
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For deniteness let us suppose that
−π
2
< γ, γ′ < 0
whih means that 0 < E,F < 1 as a onsequene of the parameter identiation in (3.3).
This leads to
logCk+lkl =
klg2
4π
[ log 2− γE − 1
2
(π + γ + γ′) cot(π + γ + γ′) (4.8)
−1
2
(γ − γ′) cot(γ − γ′)]
=
klg2
4π
[ log 2− γE − 1
4
π(E + F ) cot
1
2
π(E + F )
−1
4
π(E − F ) cot 1
2
π(E − F )]
The expressions (4.7) and (4.8) math provided
z =
1
2
(E − F ) , z¯ = 1
2
(E + F ) (4.9)
Some are must be taken beause there is a branh hoie ambiguity in the z, z¯ parametriza-
tion whih is obvious from (4.6); in (4.9) an impliit hoie was made. It is only neessary
to show that there exists one partiular hoie whih is onsistent; the orrespondene on
the other branhes (i.e. outside the region 0 < E,F < 1) an be obtained by analyti
ontinuation.
The onsisteny ondition is that (4.9) must provide an identiation of the reetion
fator
R(θ) =
(
1
2
)
θ
(
1
2
+
B
4
)
θ
(
1− B
4
)
θ
[
E − 1
2
]
θ
[
F − 1
2
]
θ
(4.10)
(f. (2.4)) of the sinh-Gordon partile to the that of the rst sine-Gordon breather under
the analyti ontinuation β → ig/√8π. The reetion fator of the rst breather an be
written as [9℄
R(1)(ϑ) =
(
1
2
)
θ
(
1
2
− ξ
2
)
θ
(
1 +
ξ
2
)
θ
[
ξη
π
− 1
2
]
θ
[
iξϑ
π
− 1
2
]
θ
(4.11)
ξ =
β2
1− β2
whih an be ompared with (2.4). Under the analyti ontinuation β → ig/√8π
B = −2ξ
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and so the fators independent of the boundary ondition agree. From the following relation
between the Lagrangian and bootstrap parameters
cos
(
β2η
)
cosh
(
β2ϑ
)
= µB
√
sin πβ2
µ
cos (βφ0)
sin
(
β2η
)
sinh
(
β2ϑ
)
= µB
√
sin πβ2
µ
sin (βφ0)
derived by Al.B. Zamolodhikov [11℄ (see also [20℄), omparing to (4.6) the following relation
is obtained:
z =
β2
π
(η − iϑ) , z¯ = β
2
π
(η + iϑ) (4.12)
where an appropriate hoie of branhes is understood. To the leading order
6
in β2 (4.9)
and (4.12) are equivalent to
E =
2ξη
π
, F =
2iξϑ
π
whih makes the reetion fators (4.10) and (4.11) idential.
5 Disussion and outlook
With the method developed in this paper, it proved possible to organize the innitely
many minimal boundary form fator solutions of sinh-Gordon theory enountered in [3℄
into well-dened families by restriting the highest-growing term to be equal to the bulk
form fator of a given exponential operator. It was shown that suh a solution has the
orret saling dimension to order g6, and the laim that its vauum expetation value is
normalized to 1 mathes with the exat vauum expetation values onjetured in [18℄ to
order g2.
The restrition leading to unique determination of the solution was made possible by
the observation made in [3℄ that the dominant asymptoti ontribution of the boundary
form fator always solves the bulk form fator equations. It is very important to note that
the onstrution always guarantees that the umulant expansion for the saling dimension
of the boundary operator oinides with that of the bulk one whih was used as an input
for the solution of the boundary form fator bootstrap axioms.
This observation leads to a proposal for onstruting form fators of relevant boundary
operators. In the bulk, form fators of spinless relevant elds an be seleted from the
spae of solutions to the form fator axioms by the asymptoti fatorization ondition
(3.12) whih was derived in [15℄. Using these solutions as an input one an then onstrut
solutions for relevant boundary elds whose saling dimension oinides with the right (or
equally, the left) onformal dimension of the orresponding bulk eld. In fat, the form
6
Sine eqn. (4.9) itself is only valid to leading order in β2, it doesn't make sense to take the omparison
beyond this approximation.
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fators of the only primary boundary eld in the Lee-Yang model omputed in [2, 6℄ ould
also have been derived this way.
In priniple, the agreement of the most singular term alulated from the form fator
expansion with the quantum eld expetation for some operator O leaves open the possibil-
ity of mixing with other elds of smaller weight (i.e. whih are more relevant) in the sense
that it allows that the form fator orresponds to O with an addition of an unspeied
linear ombination of operators with smaller weight, i.e. to an operator of the form
O +
∑
l
ClOl
where the Ol are operators with saling dimension less than that of O. This problem
was already noted in [3℄. However, for the most relevant boundary eld this issue is
denitely not present whih is reassuring for the determination of its form fators using
the onstrution proposed above.
In the sinh-Gordon ase the spetrum of onformal dimensions is unbounded from
below, but the fat that the short-distane limit of the two-point funtion onstruted
from form fators is onsistent with the leading part expeted from the onformal operator
produt algebra and the exat vauum expetation values eliminates some possibilities of
suh mixing. However, it still allows e.g. for
ek
g
2
Φ(t,0) +
∑
l>k
Cle
l g
2
Φ(t,0)
(5.1)
(where it was assumed that k > 0).
Another restrition omes from the ontinuation to sine-Gordon theory. The parameter
k of the solution whih gives the orresponding boundary exponential operator as
ek
g
2
Φ(t,0)
an take any real value, but the operators with k ∈ Z form a losed operator algebra,
whih is the minimal one onsistent with the presene of the boundary potential in (2.3).
Continuing analytially to the sine-Gordon theory with ation (4.4), the n-partile form
fators of these operators beome the form fators of
eikβφ(t,0)
with a many-partile state that onsists exlusively of n rst breathers. The operators with
k = ±1 are the most relevant ones in this family, and therefore they annot mix with other
operators at all; this property is expeted to hold after ontinuing bak to sinh-Gordon
theory as well. In fat, these would be the operators for whih there is the widest spetrum
of subleading operators to hoose from in (5.1), therefore the absene of mixing in their
ase is partiularly striking.
The above arguments annot be onsidered omplete, but taken together they make it
likely that there is eventually no operator mixing for the exponential elds in the boundary
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sinh-Gordon model at all. The basis provided by the solutions onstruted in this paper
is the only one for whih the following property holds: for any member of the basis, the
limiting form fator (in the sense of (3.11)) is not only a solution of the bulk form fator
axioms, but also satises the asymptoti fatorization ondition (3.12). Note that this
fatorization property is needed for the derivation of the umulant expansion (3.17) and
it also ensures that the integrals in the expansion are onvergent (f. eqns. (3.15) and
(3.16)). Certainly some deeper understanding of the boundary form fator bootstrap is
needed in order to relate this ondition to properties of relevant boundary primary elds,
and to make the orrespondene between form fator solutions and operators more preise.
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